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Abstract 

It is shown that the thin geometric realization of a simplicial Hausdorff 
space is Hausdorff. This proves a famous claim by Graeme Segal that the 
thin geometric realisation of a simplicial k-space is a k-space. 
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1 Introduction 

1.1 The main problem 



In one of his many landmark papers [3j , Graeme Segal introduced the geometric 
realization functor for simplicial spaces, which he called the "thin" realization 
functor in the subsequent article [5]. He claimed that the thin geometric real- 
ization of a simplicial space which is compactly-generated Hausdorff degreewise 
must be compactly-generated Hausdorff. However, while it is essentially obvious 
^ \ that the geometric realisation of a simplicial compactly-generated space must be 

compactly-generated, the Hausdorff property is a whole different matter since 
cocartesian squares are implicit in the definition of the thin geometric realiza- 

^o i tion and they are known to behave badly with respect to separation axioms. 

At the time of [5], Segal's claim was thought to be dubious and no convicing 

f— ^ ■ proof of it ever appeared in the litterature. This difficulty brought some to turn 

f^ I away from k-spaces and work with weak-Hausdorff compactly-generated spaces 

instead. It is much easier indeed to show that the geometric realization of a 
compactly-generated weak-Hausdorff space is itself compactly-generated weak 
. Hausdorff (this was done by Gaunce Lewis in the appendix of his PhD thesis) . 

rS ' In the following pages, we will prove that Segal was right after all! 



1.2 Definitions and notation 

In this paper, we will use the French notation for the sets of integers: N will denote 
the set of natural numbers (i.e. non-negative integers), and N* the one of positive 
integers. Recall the siniplicial category A whose objects are the ordered sets 
[n] = {0, 1, . . . , n} for n £ N and whose morphisms are the non-decreasing maps, 
with the obvious compositions and identities. All the morphisms are composites 
of morphisms of two types, namely the face morphisms 




for A: G N and z G [fc -f 1] , and the degeneracy morphisms 







for fc e N* and i £ [k — 1]. See [Ij for a comprehensive account. 

There is (covariant) functor A* : A — >■ Top which sends [n] to the n-simplex 

{n >j 

iti)o<i<7i £ M"^^ : ^ti — 1>, and any morphism S : [n 
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{A" -^ A" 

iU)o<r<n ^( E U 
\ie5-^{j) y 0<j<rn. 

A simplicial space is a contravariant functor A —>■ Top. Given such a 
functor, we set An := ^([?i]) for any n e N. For fc G N, we will write d^ :— A{S'^) 
for i e [fc + 1] (the face maps of A), and s^ := A{a'[) for i e [k — 1] (the degeneracy 
maps of A). When no confusion is possible, we will simply write 5i instead of ^f , 
Ui instead of a^, di instead of df and Si instead of s'l- If (5 is a morphism in A, 
we will also write 5* instead of A{5). 

For n £ N, a point x G An is said to be degenerate when in the image of 
some Si. 

Definition 1.1. The thin geometric realization of a simplicial space A, de- 
noted by \A\, is the quotient space of ]J ^„xA" under the relations [x, /S*{5)[y\) ~ 

riGN 

(A(^)[2;], y), for {m,n) G N^, x G Am, y G A„ and 5 G HomA ([«-], [m]). 
For every n G N, we thus have a natural map 7r„ : An x A" -^ \A\. 

Our simple aim here is to prove the following theorem: 



Theorem 1.1. Let A he a simplicial space and assume that An is Hausdorff for 
each 71 G N. Then \A\ is Hausdorff. 

The proof, although very technical, has a very straightforward basic strategy: 
we will give a general construction of "flexible" open neighborhoods for the points 
of 1^1 (see Section [2] for the construction and Section [3] for the proof of openness), 
and then show that those neighborhoods may be used to separate points (Section 
U). In the rest of the paper, A denotes an arbitrary simplicial space (no separation 
assumption will be made until Section 2]) . 

2 Constructing open subsets in a geometric re- 
alization 

In the whole section, we fix an integer n G N, a non-degenerate simplex x £ An 
and a point a G A" \ 9A" . Our goal is to give a general construction of non- 
trivial open neighborhoods of 7r„(2;, a) in |yl|. This will be done by constructing, 
for every fc G N, an open subset Vk of Ak x A*^ such that {x, a) G Vn and the 
family {Vk)keN is compatible, i.e. for every morphism f : [k] ^ [k'] in A: 

V(y,/3) G Ak' X A^ {y,Mm £ H' ^ (r(y),/3) e Vk ; 

in this case IJ TTkiVk) is an open subset of \A\ which contains 7r„(a;, a) and its 

fceN 
inverse image by tt^ is Vk for each fc G N. 

Remark 1. Since every morphism in the simplicial category is a composite of 
face and degeneracy morphisms, a family {Vk)keN is compatible if and only if it 
satisfies the following two sets of properties: 

Vfc G N*, V(2/,/3) G Afc X A'^-i, Vt G [fc], {y,{S^).m e Vk 4^ {ddy),P) G Vk-i. 

(1) 
Vfc G N, V(y,/3) G Afe X A^+i, Vz G [fc], (2/,(a,)*(/3)) G T4 ^ (s.(y),/3) e Vk+i. 

(2) 

2.1 Suitable families of open subsets of the yl^'s 

Our starting point is the following very basic lemma on simplicial sets: 

Lemma 2.1. Let x G An be a non- degenerate simplex. Let a : [N] -» [n] and 
T : [N] -» [to] be epimorphisms. Then the following conditions are equivalent: 

(i) The simplex <J*{x) belongs to T*{Am)- 

(a) There is an epimorphism p : [to,] ~» [n] such that a = p o t. 

(ill) y{i,j) G [N]\ Til) = r(j) ^ a{i) = a(j). 



Proof. The only non-trivial statement is that (i) implies (ii). Assume then that 
(T*{x) = T*{y) for some y S Am- We may choose a section 6 : [n] ^^ [N] of a, 
hence (r o 6)*{y) = (cr o S)*(x) = x. li t o S were not one-to-one, we would be 
able to decompose it as r o J = c' o s" for some i and some morphism a' , which 
would yield x G Si(j4„_i), contradicting the fact that x is non-degenerate. D 

Definition 2.1. Let N > n be an integer and x G A„ be a non- degenerate 
simplex. A family {Ua)a-.[N]^[n] is called x-admissible when: 

(i) The set Ua is an open neighborhood of a*{x) in Ajq for every epimorphism 

a:[N]^[n]. 

(ii) For every a : [N] -^ [n] and every t : [N] -^ [m], one has 

Ua n T*{Am) 7^ ^ (3p : [m] ^ [n] : cr = p o r). 

Remark 2. Let a : \N] -^ [k] and t : [N] -^ [to]. By the previous lemma, 
a^,{x) does not belong to the union of all T*{Am), for N > m, where r ranges 
over the set of all epimorphisms from [A^] for which no epimorphism p satisfies 
a = po T. Assuming that, for every a, we may find an open neighborhood Ua of 
o'*{x) which is disjoint from this union, then the family {Ua)a:iN]^ln] is obviously 
x-admissible. 

Example 1 . Assume that Ak is Hausdorff for every fc G N. Let a : [N] -» [k] . 
Then, for every epimorphism r : [N] —» [to] such that no p satisfies a = par, the 
subset T* (Am) is closed in An since it is a retract of Ajsf, hence the (finite) union 
of all such subsets is closed in An and we may choose Ua as its complementary 
subset in An (and any open neighborhood of (T*(x) in this complementary subset 
will also do). 

Throughout the rest of the section, we set an x-admissible family {Ua)a:[N]~>t[n] 
which we first extend as follows: given k < N and a : [k] -^ [n], we set 

Ua:= n {T*r\Uaor) C Ak. 

r:[N]^[k] 

The following properties then generalize the axioms defining an x-admissible 
family: 

Lemma 2.2. Let a : [k] ^> [n] with k < N. Then: 

(i) One has (J* [x) G Ua. 

(ii) For every a' : [k'] -» [k] with k' < N, one has {(j')*{Ua) C Uaoa' ■ 

(Hi) For every t : [k] ^* [k'] , the condition Ua H r* {Ak' ) ^ % is equivalent to 
3p : [k'] -^ [n] : p o t ^ a. 

Proof (i) Indeed T*{a*{x)) = (ct o t)*(x) G Uaor for every r : [A^j ^ [k]. 



(ii) Let x' G U„ and t : [N] ^ [k']. Then t* {{a')* {x')) = {a' o T)*(a;') S 

Uao(a'OT) = C^(crocr')or- ThuS (cr')*(a;') G J/o-oo-'. 

(iii) Let a; G Afc/ such that t*(x) G f/o-- Choose an arbitrary a' : [N] -» [k]. 
Then (r o ct')*(2^) = i'^')*iT*{x)) ^ Uaoa'- It fohows from axiom (ii) that 
some p : [k'] —^ [n] satisfies a o a' = porocr', hence a = p o t since a' is 
onto. The converse is trivial. 

D 

2.2 The open subsets U{a) 
Definition 2.2. For a : [k] ^> [n], set 

I„ := is : [k'\ ^ [k] s.t. a o S : [k'] -» [n] and k' < n\ 

and 

U{a):= {^{5*)-\U^.s)^Ak. 

Clearly, I^ is non-empty and better, for every (i,j) G [fc]^ such that a{i) ^ 
(j{j), there is some (5 G /o- with i and j in its range. 

The U{a) sets have the following main properties: 

Proposition 2.3. Let cr : [fc] -» [n]. Then: 

(a) The set U{a) is an open neighborhood of a*{x) in Ak- 
(h) One has U{a) C U^ whenever k < N . 

(c) For every 5 : [i] ^^ [k] such that a o d is onto, one has S*{U{a)) C U{a o d). 

(d) For every r ; [k'] -* [k], one has T*{U{a)) C U{a o r). 

(e) For every r : [fc] -» [A;'], the condition T*(Ak') fl U{a) ^ % is equivalent to the 
existence of some p : [k'] -» [n] such that a — p o t. 

Proof, (a) trivially derives from statement (i) in Lemma 12.21 and the definition 
of/.. 

(b) is obvious since id[fe] G I^ whenever k < N. 

(c) Let x' G U{a) and S' G hoS- Then S o 5' e la and so {S')*{S*{x)) = 
[S o S')*{x') eU{aoSo S'). Thus S*{x) G U{a o 5). 

(d) Let X G U{(j). Let (5 : [i] =— )► [k'] in /o-or- We decompose toS ~ 5' or' where 6' 
is a monomorphism and r' an epimorphism. Since a o t o S — a o S' o t' is an 
epimorphism, aoS' also is, hence {S')*{x) G U^oS' (notice that the domain of 
S' is [j] for some j < i < N since r' is onto). By statement (iii) in Lemma [2^ 
it follows that {t')* ({S')*{x)) G UaoS'or' hence 5* (t* (x)) G UaoToS. Therefore 
T*{x) G t/(aor). 



(e) If cr = poT for some p : \k'] -^ [n], then (t*{x) = T*{p*{x)) G T*{Ak')nU{a). 
Assume conversely that there is some x € Ak' such that t*{x) G U{(j). Let 
S G la with domain [i]. Then {to6)*{x) G UaoS. Decompose then to5 = 5' or' 
where 5' is a monomorphism and r' an epimorphism. Then [t')*[[5')*{x)) G 
UaoS, hence statement (iii) in Lemma [2.21 shows that \/{y,z) G [i]"^, T'{y) = 
t'{z) => (cr o 5){y) ~ [a o 5){z). Since 5' is one-to-one, this yields T(y') = 
r(z') => cr(y') = cr(-z') for every y' and z' in the range of 5. Let finally 
{y,z) G [fc]^ such that cr(y) 7^ cr(z). By a previous remark, there is some 
5 G la the range of which contains y and z. Hence T{y) / t(2:). 

D 

2.3 The category T' 

The relation < on ■p(N) defined by 

A<B '^ {A^B or sup ^ < inf B) 

yields a structure of posel|^ on P(N). We define the category F' as the one with 
the same objects as A and for which, for any {k,k') G N^, the morphisms from 
[k] to [k'] are the increasing maps V{[k]) — > P([fc']) which respect disjoint unions 
and map non-empty sets to non-empty sets, with the obvious composition of 
morphisms. To avoid any confusion with the simplicial category, a morphism / 
from [k] to [k'] in F' will be written / : [fc] => [k']. 

A morphism / : [fc] =4> [k'] in F' is called onto when f{[k]) — [k']. To any 
such morphism corresponds an epimorphism a : [k'] -» [k] in A defined by: 
Vi G [k'j, i G f{a{i)j. Conversely, to every epimorphism / : [k'] -» [k] in F 
corresponds a unique F'(/) : [k] ^ [k'] defined by VA G P{[k]), F'(/)(A) = 
f~^{A). Clearly, we have just defined reciprocal bijections between the set of 
epimorphisms from [k'] to [k] in A and the set of onto morphisms from [k] to [k'] 
inF'. 

Notation 2.3. Let f : [k] ^ [k'] and S : [k'] ^ [k"]. Define then S^{f) : [k] ^ 
[k"] by 

VAc[fc], S4f){A)^S{f{A)). 

Then every / : [fc] => [k'] clearly has a unique decomposition as f = 5^{g) Jar an 
onto morphism 5 : [fc] => [k"] and a monomorphism 5 : [k"] '— >■ [k'] in A. We set: 

red(/) :— g and sup(/) :— 6. 

2.4 The family (W{f,e)) of open subsets of the simplicies 

Let us write a — (io(a), • ■ • ,tn{a)), hence ti{a) > for every i G [n]. 



^Notice that is the minimum element of 7-'(N) for < with the usual convention that sup : 
-00 and inf = +00. 



Definition 2.4. A family {Ii.j)o<i<j<n of open intervals o/]0, +oo[ with compact 

closure in ]0,+cxd[ is called a-admissible when Xi j :— — — - belongs to li j for 

ti{a) 

every pair {i,j) G [n]^ such that i < j. 



Clearly, such a family exists, and we may choose one for the rest of the section. 
Let then e € ]0, 1[. For any / : [n] ^ [k], we define W(f,e) C A*^ as the subset 
consisting of the points f3 = {to, . . . ,tk) G A'^ for which 

E tp 

Vie[n], Y. *P>0 , y{i,j) e [n]^ i<] ^ pei(fa})^ ^ j^^^ ^^^ ^ tp>l-e. 
pe/({0) pe/(^{,}) " pe/(N) 

Obviously, this is an open convex subset of A and its closure is the set of those 
points {to, . . . ,tk) G A*^ for which 

E tp _ 

ViG[n], Y. *P>0 , y{t,j)e[n]^t<j ^ ^^^^^e7~ and ^ tp>l-e. 

Notice finally that a G VF(id[m],e). 

2.5 Completing the construction of U^ 

2.5.1 The open sets U{f) 

Given an onto morphism f : [n] ^ [k], thus corresponding to an epimorphism 

cr : [fc] ^> [n], we set U{f) := U{a) C Ak- For an arbitrary f : [n] ^ [k], we set 

[/(/):= (sup(/)*)-i(;7(red(/))cAfc. 
Obviously, U{f) is an open subset of Ak- 

2.5.2 Ordering the morphisms of F' 

Let / : [k] ^ [k'] and i G [k']. Set 

„ /^x .^ [#/({.?}) whenever i G /({j}) 
^^^'^ ■ [O wheni^/([fc]). 

Assume now that i < k' . If i^f{i) = and #/(« + !)>!, we define /+* by: 

\f{j} otherwise. 



If #/(«) > 1 and #/(i + 1) = 0, we define f+^ by: 

f+^^^^ ^ ifiij}) U {* + 1} when * e /({j}) 
I /{.?'} otherwise. 

In any case, /+' is obtained from / by attaching i or i + 1 to an adjacent set of 
the form f{k}. We denote by TZ the binary relation defined on Homr'([fc], [k']) 
by /T?,/^* for every i and every / for which /+* is defined. We then define < 
as the pre-order relation generated by TZ. Actually, this is an order relation on 
Homr'([fc], [k']). Consider indeed the order relation C on Homr'([fc], [k']) defined 

by 

fcgn (v.? e[fc], /({.?}) c.g({j})). 

Notice that, whenever /+* is defined, / C /+*. It follows that f < g ^ f C g 
for every / and g in Homr'([A;], [k']), hence (IIomr'([fc], [k']), <) is a poset (its 
maximal elements are the onto morphisms) . The opposite order relation will be 
denoted by >. 

Remark 3. Notice that < is strictly stronger than C. For example, for / : [0] ^ [3] 
which maps {0} to {0,4}, and g : [0] => [4] which maps {0} to {0,2,4}, one 
obviously has f C g whilst the statement f < g is false (notice that / C g is an 
irreducible chain for C whereas no i satisfies g = /^*). 

2.5.3 The definition of Ue 

Let £ e ]0, 1[ and fc e N. Set then 

Uk.e--^ U (u{f)xf]W{g,e] 
/:[«]^[fe] ^ g>f 

which is clearly an open subset of Ak x A'^ . Set also 

Ke--^ U uiDxWij;^ 

/:[«]^[fc] 

and notice that Uk.e C U^ ^. 

For an arbitrary e G ]0, 1[, we finally define: 

C/e:= \j7rk{Uk^,)c\A\. 

fcGN 

For every e g]0, 1[, one has a £ VF(id[m], e) and x e U{id[m]), hence (x, a) £ Um,s 
since idrmj is maximal. This shows that [(x, a)] G U^. In the next section, we 
will show that Ue is an open subset of \A\ by proving that the family (t//c,e)fcGN 
is compatible. 



3 The proof that Us is an open subset of 1^41 

Here, we will prove the following proposition: 
Proposition 3.1. Let e g]0, 1[. Then: 

(a) For every k G N*, {y, 13) e Ak x A'""^ and i e [fc]; 

iyAS^)*m e Uk^, ^ {d^{y),l3) e Uk-i,e. 

(b) For every k G N,. (x' ,a') G A/j x A''+^ and i G [fc]; 

{y, (a,)*(/?)) G Uk,e ^ (s,(y),/3) G Uk+u,. 

This has the following immediate corollary as explained in the introduction 
of Section [2 

Corollary 3.2. For every e G ]0,1[, the subset Us is open in \A\ and Vfc G 

N, Uk^,^7r-\Us). 

3.1 One last notation 

Given / : [fc] => [fc'], and i G [fc' — 1] such that 4t^f{i) ^ 1, we define f^i : [fc] => 
[fc' - 1] by 

VjG[fc], /-.({j}) = ^.(/(W)\«). 
If #/(fc') ^ 1, we define f^k' : [fc] ^ W - 1] by 

VjG[fc], /-,.({j}) = /(W)x{fc'}. 

Obviously (^i)*(/-i) = / when iff{i) = 0. Furthermore, ii f < g and /_i is 
defined, then g_i is defined. The following results are then straightforward: 

Lemma 3.3. Let / : [fc] =^ [fc'] and g : [k] ^ [fc'] together with some i G [fc'] such 
that ^f{i) 7^ 1. Then 

I <g => f-i < g-f 

Lemma 3.4. Let / ; [fc] => [fc'] and g : [k] ^ [fc' — 1] together with some i G [fc'] 
such that i^f{i) ^ 1. Assume f-i < g. 

• If#g{^) = #S - 1) = 0, then f < (<5,)*(ff)- 

• //#<,(*) > and #g{i - 1) - 0, then f < (<5,),(g)+^ 

• ^/ #<,(*) - and #g{i - 1) > 0, then f < i5,),{g)+<^'~^l 

• //#<,(«) > and #g{i - 1) > 0, then f < (<5,),(g)+(''-i) or f < ((5,),(.g)+^ 

Lemma 3.5. Let / : [fc] ^ [fc' — 1] and i G [fc' — 1] such that i^f{i) > 0. Let 
g>iS^)*if)+\ Theng^,>f. 



3.2 Proof of statement (a) in Proposition 13. 11 

We fix an arbitrary pair (y,/?) e Ak x A'"'"^ and an arbitrary integer i € [k]. 
Assume first that there exists some f : [n] ^ [k] such that 

(2/,('5.)*(/5))eC/(/)x f]W{g,e). 
g>f 

Hence (5i)*(/5) ^ W^(/i s) which yields 4t^f{i) ^ 1. The rest of the proof essentially 
rests upon the following claim: 

(d,(y),/3)ef/(/_,;)x fl W{g,e). 

9>f-, 

• We first show that d^{U{f)) C t/(/_,)- Let y G [/(/). 

• Assume #/(i) = 0. Obviously red/_i = red/ and ^i o sup(/_i) = 
sup(/), hence snp{ f-,)*{d,{y)) S t/(red(/_i)) i.e. di(y) e t/(/_,). 
Notice conversely that, for an arbitrary z, the condition di{z) G U{f-i) 
implies z G U{f). 

-k Assume i^f{i) > 2. Denote respectively by a : [k'] -* [n] and a' : 
[fc' — 1] ^> [n] the epimorphisms corresponding to red(/) and red(/_i). 
Then there is some j such that a o dj — a' and the square 

[fc'] ^^^^ [fc] 

is commutative. However dj {svip{ f)*{y)) G U{a') since sup(/)*(j/) G 
C/(cr) and Sj G /o- (cf. statement (c) in Proposition l2.3p . It follows that 
sup(/_0*(di(j/)) G C/(a') hence d,(y) G [/(/_,). 

• Let now g > f^i. We wish to prove that f3 G W{g,e). 

-k \i^g(i) ::=^g(i — 1) = 0, then the definition of the T/F(/i, r7)'s obviously 
yield that the condition ((5i)*(/3) G VF(((5i),(5),e) implies (3 G W^(g,e), 
whilst Lemma [531 shows / < (5i)*(5). 

* If #3(0 > Oand#g(i-l) =0. Then again (^,)*(/3) £ W{{5,),{g)+\e) 
clearly implies /3 G M^(g,e), whilst Lemma [5^ shows / < ((^i)*(5)~'^*- 

* If #g{i) = and #g(i - 1) > 0, then (<50*(/3) £ W^((5^)*(.9)+(^-i\£) 
clearly implies /? G Wia. e). whilst Lemma [5^ shows f < ((5i)*((7)^'''^^-'. 

• Either #g(i - 1) > and #g(i) > 0. Then both conditions (^j),(/3) G 
W{{5i)^{g)+\e) and (5,),(/3) G W{{5i),Xg)+^^-^\e) clearly imply that 
(3 G W{g,e), whilst one has / < {5i).{g)+'^'-^^ or / < {5^).{g)+\ 
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In any case, this shows /? € W{g,e), hence /3 6 H W{g,e). 

g>f-. 

Conversely, assume {^di{y),(3) £ U{f) x P| W{g,e) for some / : [71] => [fc — 1]. 

a>f 
It was proven earher that if 4t^g{i) = 0, then, for every z, one has z G U{f) 
if and only if di{z) e U{f-i). Applying this to (^i)*(/) yields y G C^((^i)*(/)) 
since ((5i)*(/)-i = /. On the other hand, for any g > ((5i)*(/), Lemma [5751 shows 
ff-z > ((5i)*(/)-i = / hence /3 G W^(g_i,e) and then ((5i)H.(/3) G W{g,e) by using 
the definition of the W{h, 77) 's. We deduce that 

S>('5,).(/) 

which finishes the proof of point (a) in Proposition 13. II 

Remark 4. A similar strategy of proof shows that for every k G N*, e G ]0, 1[, 
i G [k] and (y, /3) G A^ x A''-^: 

(y,(<5.),(/3))Gf/L ^ (rf.(y),/3)e[/Li,,. 

3.3 Proof of statement (b) in Proposition 13.11 

Let {y, /3) eAkX A'=+i, and i e [k]. 

• Assume that (y, (CTi)*(/3)) G U{f) x f] W^(g,e) for some / : [n] =^ [k]. 

9>f 

* Assume #/(i) = 0. We may write {di+i{si{y)),{ai)^{(3)) G [/(/) x 
n W{g,e) and (rfz(s,(2/)), (a,)*(/3)) 6 C/(/) x f] W{g,e). Statement 

9>f 9>f 

(a)thenyields(s,(2/),(a,oJ,+i)*(/3))eC/((<5,),(/))x f] Wig,s) 
and {s^{y),{<J,o^^)4f3}) G t/((<5,+i)»(/)) x f] W{g,e). How- 

9>('5, + i).(/) 

ever {6,),{f) = ((5,+i)»(/) since #^(z) = 0. Thus s,{y) G (7((<50*(/)), 
(aiO(5i+i),(/3)G n I^(.9,e)and(a,o5i),(/3)G R Wig.e). 

9>(<5.).(/) S>('5.).(/) 

However /3 G [(ct^ o 5i),(/3), (ct^ o Si+i)r{l3)] and every W^(g,£) is con- 
vex. It follows that /3 G n W{g,e) and finally {si{y),(3) G 

S>('5,).(/) 

C^((^.)*(/)) X n W{g,e). 
g>{S.}.{f) 

-k Assume #/(i) > 1. Set then /' := {S^)^{f)+'' and let g > /'. Then 
Lemma 1531 shows g^i > /. From (cri)*(/3) G W^(5_i,e) immediately 
follows /3 G M^((7,e) by using the definition of the W{h,r]ys. Further- 
more, should we let a and a' denote the epimorphisms which respec- 
tively correspond to red(/) and red(/'), then there exists some j such 
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that a o Uj = a' and the square 



[t' + i] =«2, |t + i| 



■1 



[fc'] ^^^^ [fc] 

is commutative. Since sup(/)*(j/) G C/(red(/)), onehas Sj(sup(/)*(y)) S 
C/(red(/)oa,) hence sup(/')*(s.(y)) £ t/(red(/')). Therefore, (si(y),/3) € 

9>/' 

Conversely, assume that (si(j/),/3) e ^(/) x P| 1^(3, e) for some / : [n] => 
[fc + 1]. 

* Assume that i ^ /([«]) and i + I ^ /(M)- Then #/(i) = hence 
y = di{si(y)) G U{f-i) by the proof of statement (a). Let g > f^i. 
If #g(z) = 0, then {5Mg) > f hence /? G W(((5i)»(ff),e) yields 
(a,),(/3) G W^(5,£). If #9(0 > 1 , then (,50*(5)+' > / and /3 G 
iy(((5i)*(g)"'"^e) yields (CTi)*(/3) G 1^(3, e). In any case, we have shown 
that (y,(a,),(/3)) G C/(/-,) x f] Wig,e). 

g<f-i 

* Assume i is in /([ri]) and i + 1 is not. Then sup(/_(i+i)) = (7i osup(/) 
and red(/) = red(/_(i+i)), hence sup(/_(j+i))*(y) = sup(/)*(sj(y)) G 
[/(red(/)) i.e. y G t/(/-(.+i)). Let g > f_^,+,y Then {S,)4g)+' > /, 
whilst /3 G T4^(.9,e) since s,(;3) G W{{Si)4g)+\e). It follows that 
(y,(^.)*(/3))eC/(/-(.+i))x n W^(3,e)- 

* If z + 1 is in /([n]) and i is not, a similar proof as the above one shows 
that iy,{<J^)*W)) e Ui,U) X n Wig,e). 

-k Assume i and i + 1 belong to /([n]). We claim that {i,i + 1} C f{j} 
for some j G [m]. Assuming this holds, then y = di{si{y)) G U{f-i) 
since #/(i) > 2, whilst, for every g > f-i, one has {Si)*{g)^'^ > /, 
therefore /3 G Ty(((5,)*(.g)+',e) i.e. (crO*(,S) G W{g,e). This shows 
that {yA^^)*il3)) e C/(/-.) X Q Wig,e). 

9>f-^ 

Let us finally prove the above claim. Assume indeed that no j G [m] 
satisfies {i,i + 1} C f{j}, and let a : [k'] -^ [n] be the epimorphism 
corresponding to red(/). Then, for some one-to-one morphism 6 : 
[k] '-^ [k'] and for some j' G [k' — 1], the square 

[k'] ^^"2^ [k] 



[k'] -^^ [k] 
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is commutative with a{j') ^ a{j' + 1). Then {ai o sup{f))* (y) G 
C/(red(/)) yields Sj'{S*{y)) E U{a), which contradicts property (e) of 
Proposition 12.31 appUed to r = ajr . 

In any case, we have shown that (y, (crj)*(/3)) G Uk,e. 

This finishes the proof of Proposition 13.11 

Remark 5. One might wonder whether we could have avoided all those tech- 
nicalities, especially the introduction of <, and why not simply define Uk,e as 
U U{f) X W{f,e) (which was our first idea). The trouble is that the last 

points in the proof of statement (b) of Proposition 13.11 miserably fail if such a 
definition is considered. 

4 Application to simplicial HausdorfF spaces 

In this section, we assume that ^ is a simplicial Hausdorff space. We arbitrarily 
choose two pairs {x, a) and (y, /3) such that x G An is non-degenerate, y G Am is 
non degenerate, a G A" \ 9A" and /3 G A™ \ i9A™. We also pick an arbitrary 
integer TV > max(n, tti). Example [T] yields that we may choose an x-adnfissible 
family (C/cr)o-:[Ar]-*[n] and a y-admissible family {Va-)a:[N]^[n] ■ Using the procedure 
of Sections 12.21 and l2.ll we recover two families (C/(/)) and {V{g)). 

We also choose an a-admissible family (li.j) of intervals and a /3-admissible 
family of intervals. For every e G ]0, 1[, we obtain respective families {W{f, £))/:[„]^[fc] 
and (T(/,£))j.[„]^[fc] corresponding to (lij) a nd to {Jk,i)- 

For every fc G N, the procedure of Section 12.5.31 yields subsets Uk,e and [/(. ^ 
of Ak X A'= from ([/(/)) and {W{f,e)), and subsets Vk,e and V^^^ of Ak x A*^ 
from {V{g)) and {T{g,e)). This yields open subsets U^ and V^ of \A\. 

4.1 A sufRcient condition for disjointness 

Proposition 4.1. Assume that for every fc G N, every onto /:[?!]=> [k], every 
onto g : [m] ^ [fc], and every e G ]0, 1[, one has 

(U{f) X lU^) n (V{g) X n^) = 0. 

Then there exists an 77 G ]0, 1[ such that t/,, n V^, = 0. 

Proof. Notice first that, for every < £ < r/ < 1 and every fc G N, one has 
Uk^e C C/(._g C [/(. ,j and Vk^e C V^^^ C Vl^^. It thus suffices to provide some 
77 G ]0, 1[ such that U'^ n Vl — 0. There are two major steps in the proof of the 
existence of 77: 

(1) By a finite induction process, we will show that there is some 77 G ]0, 1[ such 
that 

Vfc<2(7i + 2)(m + 2), C/^,, n V-fe',, = 0. 



13 



(2) By another induction process, we will show that such an rj necessarily satis- 
fies: 

Vfc>2(,i + 2)(m + 2), c/;, n y^;, = 0. 

We first consider the case fc = 0. If n > (resp. m > 0) then C/^ ^ = (resp. 
Vl ^ — 9). If TO = n = 0, then Uq,, = Uid^g^ and Vq ,, = T^d[oj are clearly disjoint 
for every e. Let now M be an integer such that < M < 2(n + 2)(to + 2) 
and there is some Em G ]0, 1[ such that Uk.sM ^ ^k,eM — ^ whenever k < M. 
Let / : [n] => [M + 1] and g : [m] => [M + 1] . Clearly, we may assume that 
either / or g is not onto and use a reductio ad absurdum by assuming that 
(C/(/) X W{f,e)) n {V{g) x T{g,e)) ^ for every e € ] 0, 1[. We may then choose 
some y G U{f) n V{g) and, for every i e N*, some at G W{f, j))nT{g, i). Since 
W{f,eM) n T{g,eM) is closed in A^^+^, and therefore compact, the sequence 
(ai) has an adherence value a G W^(/, Ea/) n T{g,eM)- If / is not onto, then 
picking some j G [M + 1] \ fi[n]), we see that ij(a„) < ^ for any n G N*, hence 
tj(a) = 0. In any case, we see that a G dA^^^-^. 

We may thus write a = S*{(3) for some i and some /3 G A*^. Therefore 
{y, i5i)*{/3)) G t^M+i,£„riT/^^+i ,.^^ , which implies, using RemarkU that {d,{y), f3) G 
Uif ^ n VLf ^ = 0. This is a contradiction, hence the existence of some 
e/,g G ]0, 1[ such that 



(C/(/) X W{f,ef,g)) n (y(.9) X T{g,ef,g)) = 0. 

Setting e'j- = min(eA/, £f,g), and then Em+i = niinje^.g s.t. / and g arc not both onto}, 
we see that sm+i < £m, and C/m+i,jj,,,^i n V^^f+i^^M+i =" 1^' ^'2'^'^® 

Vfc<M + l, c/^,,„^^n<,,,^^=0. 

This finite induction process yields some 77 G ]0, 1[ such that 

V/c<2(n + 2)(TO + 2), C/^,, n y,! ^ = 0. 

We now move on to step (2). Let then M > 2{n + 2){m + 2) such that U'j^,j fl 
Ki,n = ^- Let / : [n] => [M + 1] and g : [m] ^ [M +1]. We wih prove that 



{U{f)xW{f,T^))n{V{g)xT{g,T^))^9 



by a reductio ad absurdum. Assume that there is some (z, 7) G {U{f) x W{f, 77)) H 
(T/(5)xr(5:^)- 

• Assume that there exists i G [n] and j G [to] such that #(/({«}) ng({j})) > 
2, and choose two distinct elements fc < Hn f{{'i})r\g{{j}). Define 7' G A^ 
by: 

{ip(7) for p < fc 

tkh) + ti{-f) ioTp = k 
tp{j) for k<p< I 

tp+i{j) ioTl<p<M. 
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Then {6iUy) G W{f,r,)nT{g,Tj) hence {z,{Si)*{l')) e t/^+i^, n l^^^^^^ 
i.e. {di{z),'-f') G C^iv.r; f^ ^w,j) ^ ^ (s'36 again RemarkH]), which is a contra- 
diction. 

Assume now that, for every i E [n] and j E [m], #(/({«}) n g{{j})) < 1- 

• Assume further that f{[n])Llg{[m]) ^ [M + 1], and choose k E [M + 
1] \ {f[n]Ug{[m])). Define then 7' G A*'^ by: 



tp(7) 



U-tfc(7) 



for p < k 
for p > k. 



Then (4)*(7') e iy(/, 77) n ^5,??), i.e. (z,(4)*(7')) e C/;,+i,^n 

^M+1 J) ^^'^ again Remark H] yields the contradiction {dk{z),j') E 

• Assume finally that f{[n]) U g{[m]) = [M + 1], e.g. #(/([n])) > 
#(g([TO])), hence #(/([«])) > (« + 2)(m + 2) and we may find some 
i E [n] such that #(/({«})) > m + 3. Since we have assumed that 
Vj G [m], #(/({i}) n gi{j})) < 1, we deduce that 

#(/(W)\g(H))>2. 

We then choose two distinct elements k < I of /({«}) \ ff(['Ti]) and 
define 7' G A*^ by : 

ftp (7) forp<fc 

tp{j) iork<p<l 

tp+i{j) for I <p<N. 



Then (<50*(7') G Wif,i^)nT{g,Ti) hence (z, (J,)*(7')) S t^M+Lr, ^ 
^M+i n ^^"^ RemarkUlyields the final contradiction {di{z), 7') G C/j^^ n 

This shows that C/]j/^i „ n V^/+i 77 = 0- This induction process then proves that 
Vfc G N, [/(,,, n Vfc'.^ = and it follows that t/,', n F,; = 0. D 

4.2 Finishing the proof of Theorem 11.11 

Theorem 11.11 is now within our reach. We now assume (x, a) ^ (2/,/3). We will 
then show that the various admissible families that were used in the construction 
of the open subset U^ and Ve may be carefully chosen so that the assumptions of 
ProDOsition l4.1l are satisfied. We will need to tackle separately the case x ^ y and 
the case x ^ y. The following basic lemma on simplicial sets will prove essential: 

Lemma 4.2. Let N > max(r7z,n). 
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(i) If X ^ y, then <y*{x) ^ T*(y) for every a : [N] -» [n] and r : [TV] -» [to]. 

(ii) If X — y, then (t*{x) ^ t*(i/) for every distinct a : \N\ -» [n] and r : [A^] ^> 
[m]. 

Proof. Assume there is some a : [N] -» [n] and some r : [N] -» [to] such that 
(J*(x) — T*{y). Applying lemma I^TTI to both x and y, we easily find that m = n 
and a — T. However, a* is one-to-one since a has a section in A. Hence x — y, 
which proves both statements in the lemma. D 

4.2.1 The case x ^ y 

Since Am+n is Hausdorff, the above lemma and the method of Example [T] shows 
we may choose the families {Ua-)cr:[N]^ln] and {Vr)T:[N]^lm] so that 

V(cr,r), U^nVr^$. 

The following lemma will then show that we may use Proposition 231 which will 
complete the case x ^ y: 

Lemma 4.3. (a) For every k < m + n and every a : [k] —f> [n] and t : [A:] -» [m], 
one has 11^ CiVr — 9- 

(b) For every fc G N, every ct : [fc] ^> [n] and r : [fc] -» [to,], one has U {a)r\V {t) = 

0. 
Proof, (a) Choose an arbitrary a' : [n + m] ^f [k] . Then the assumptions show 

that {<7')*{Ua n Vr) C U„oa' n Vroa' = %■ 

(b) If fc < TO. + n, then U{a) C Ucr, and V{t) C Vr hence we may readily use (a). 
In the case k > m + n, we proceed by onward induction. Let k > m + n such 
that U{a) nV{T) =0 for every a : [k] ^> [n] and r : [fc] ^> [to,]. 
Let then cr : [fc + 1] ^ [n] and r : [fc + 1] ^ [to]. We set X := {i e [k + 1] : 
cr o 5j : [fc] — » [n] } and define Jr accordingly. Then #: jTo- > fc + 2 — n and 
# Jr > fc + 2 - TO. Thus # J"^ -I- # J, > fc -1- 2, and so J^ D Jr j^ 0. 
Choose i ^ Ja^ Jr- Point (c) in Proposition 12.31 and the induction assump- 
tion then show that di{U{a) n V{t)) C U{cr o Si) n V{t o Si) = 0, hence 
U{a)nV{T) =0. 

D 

4.2.2 The case x ^ y 

We now set TV := (n + l)'^. Again, Lemma l42l and the method of Example [1] show 
we may choose the x-admissible family (C/cr)<j:[(n+i)2]^[„] so that Ua- CiUr = 9 
whenever a ^ t. 

For i G [n], set S(i) := ti{a) — ti{j3). Since a j^ j3, and ^ S{i) — 0, we may 

0<i<n 

find two indices (fc, I) G [n]^ such that S{k) < < S{1), e.g. with fc < Z (if not, we 
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simply switch {x,a) and {y,f3)). Clearly, we may choose our a-admissible family 
(Jij) and our /3-admissible family (Jij) so that Ik.i n Jk,i = 0- Obviously 



Vee]o,i[,iy(id[„],£)nr(id[„],£)-0. 

Proposition 14. II may then be used thanks to the next lemma, and this will com- 
plete both the case x = y and the proof of Theorem 11.11 

Lemma 4.4. Let e G ]0, 1[. 

(a) For every k < (n + 1)'^ , every onto morphism / : [n] => [k] and every onto 
morphism g : [n] ^ [k] , one has 

f^g^ u{f) n u{g) - 

(h) For every /c e N, every onto morphism / : [n] => [k] and every onto morphism 

([/(/) X W{f,e)) n {U{g) X T{^)) = 

Proof, (a) Obviously, it suffices to prove that UafMJr = % whenever a ^ t. Let 
then tj :[k] ^f [n] and t :[k] -» [n], with a ^ t. Choose some a' : [(n+1)^] ^> 
[k]. Then {a')*{Ua n Ur) C Uaoa' n Uroa'- Howcver, if ct o cr' == rod', 
then a = T. Thus a o <j' ^ t o a' and we deduce from the hypothesis that 
Uaocr' n Urocr' = 0, which yiclds UaC\Ur = %■ 



(b) Let k < {n + if. Clearly W{f,e) n r(/,e) = given the construction of 
the families [h^j) and (Jij). Then either f ^ g and U{f) fl 1/(5) — 0, or 
/ = g and W{f, e)r\T{g, e) = since /fc,; fl Jk,i = 0- In any case, the claimed 
property is proven. 

For the case k > {n + 1)^, we proceed by onward induction. Let k > {n + if 
such that the claimed result holds for every pair of onto morphisms from [n] 
to [k] in F'. Let / : [n] => [fc + 1] and g : [n] ^ [k + 1] be onto morphisms, 
and a : [fc + 1] ^» [n] and r : [fc + 1] ^> [n] the epimorphisms in A respectively 
associated to them. 

Assume that #/({^}) n #gi{j}) < 1 for every (^, j) e [12^. Then #/({«}) < 
n + 1 for every i (since g is onto), and fc + 1 = #/(M) < ("■ + 1)^ which 
contradicts the fact that / is onto. Hence we may find a pair («, j) £ [nf and 
some I £ [fc + 1] such that {I, / + 1} C /({«}) n g{ {j}). A ssume finally that 
there is some (0,7) in (C/(/) x VF(/,e)) n (C/(g) x T{g,e)). Notice then that 



(d,(z),(aO*(7)) e (C/(/-0 x VF(/_i,£)) n (f/(.g_0 X T(.g_,,e)). 



Indeed, it is obvious on the one hand that (crz)*(7) £ VF(/_i,£) r\T{g-i,e); 
on the other hand a o 61 and t o (5/ clearly are the epimorphisms respectively 
associated to the onto morphisms /_; and g-i, hence point (c) in Lemma l2.3l 
shows di{z) G U{f..-i) n U{g-i). Finally, the contradiction comes from the 
induction hypothesis since /_; and g^i are both onto. 

D 
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